We consider nearly Kähler 6-manifolds with effective 2-torus symmetry. The multimoment map for the T 2 -action becomes an eigenfunction of the Laplace operator. At regular values, we prove the T 2 -action is necessarily free on the level sets and determines the geometry of three-dimensional quotients. An inverse construction is given locally producing nearly Kähler six-manifolds from three-dimensional data. This is illustrated for structures on the Heisenberg group.
Introduction
Nearly Kähler manifolds were originally introduced by Gray [5] as follows: let M be an almost Hermitian manifold with Riemannian metric g, almost complex structure J, and Levi-Civita connection ∇, then M is called nearly Kähler if (∇ X J)X = 0 for each vector field X on M . As Nagy showed [10] the important case is that of compact, six-dimensional nearly Kähler manifolds that are not Kähler, and this is what we focus on. In [3] , Carrión discusses how the definition above in dimension 6 is related to a system of partial differential equations. Let us define the fundamental two-form σ := g(J · , · ). It turns out that Gray's definition is equivalent to the existence of a complex three-form ψ C = ψ + + iψ − such that dσ = 3ψ + dψ − = −2σ ∧ σ.
(1.1)
Bär [1] describes the interplay between nearly Kähler 6-manifolds and G 2 -geometry: let C = (M × R >0 , g C := t 2 g + dt ⊗2 ) be a seven-dimensional Riemannian cone over a smooth compact manifold (M, g). Assume that the holonomy of the cone is contained in the exceptional compact Lie group G 2 . Then there exists a pair of closed differential forms
Recall that the T 2 -action preserves g and J, so it preserves σ, therefore the Lie derivatives L U σ and L V σ vanish. Further, since U and V commute we have L V (U σ) = U L V σ = 0. The action preserves U and V as well, so the function ν M is invariant under the T 2 -action. We can then compute dν M using Cartan's formula:
This shows that ν M is a multi-moment map for the T 2 -action on M .
In what follows we will denote g(U, U ), g(U, V ), g(V, V ) by g U U , g U V , g V V and define a real function h on M satisfying
When there is no danger of confusion we still use the same notation pointwise. Lastly, when we work on the complexified tangent bundle of M , we extend g, J and ψ ± by C-linearity in all their arguments.
2)
3)
The volume form splits into real and imaginary parts:
4)
Using the action of SU(3), we can assume without loss of generality that U p = x 0 F 1 , for some real number x 0 , and
U U x 1 , we get
This formula is obtained by expanding the left-hand side.
Properties of the multi-moment map and regular values
Using the set-up we can then prove the following result:
Proof. Firstly, we show that
Now assume s is a regular value for ν M . In the next proposition we show that the
is a principal T 2 -bundle. Its base space is the T 2 -reduction of M at level s. We will study the geometry of the quotients ν 
Thus U, V are linearly independent over C on ν −1 M (s), and this yields a locally free action on ν
On the other hand, if H is the stabilizer in T 2 of some p ∈ ν −1 M (s), it preserves g, J and ψ ± by hypothesis, and also U and V . Hence, H fixes U, JU, V, JV, W := ψ + (U, V, · ) ♯ and JW , so all of T p M . Then, by the Tubular Neighbourhood Theorem, the set A := {p ∈ M : h · p = p, dh p = Id TpM for each h ∈ H} is open and closed in M . Since we assume M connected and A is not empty, A = M . If H is not trivial, then we get a contradiction, because the action is effective on M . So H must be trivial, and our claim is proved.
Reduction to three-manifolds
In order to study the geometric structure of the quotients Q 3 s := ν 
where h satisfies (2.1). The pair (ϑ 1 , ϑ 2 ) is a connection one-form for the T 2 -bundle ν
Then we have basic one-forms
and lastly the two-forms U ψ + , V ψ + are basic.
The next step is to specify g, σ, ψ ± on M in terms of the forms dν M , ϑ 1 , ϑ 2 , α 0 , α 1 , α 2 . We work on M , pointing out what holds in particular on the level sets ν −1 M (s). Using the basis of the previous section, we find pointwise:
If we use the nearly Kähler structure equations (1.1) we get further relationships. The cotangent space of M splits as the direct sum V ⊕ H, where ϑ i ∈ V, i = 1, 2 and H contains dν M , α k , k = 0, 1, 2. Comparing coefficients in dσ = 3ψ + we obtain
The equation dψ − = −2σ ∧ σ gives
The relations among α 0 , α 1 , α 2 on the T 2 -reduction at level s are then
Observe that f > 4, and
Hence we can summarise our results as follows. M (s), with s = 0 regular value for ν M , we get
14)
The relations among α 0 , α 1 , α 2 on the T 2 -reduction at level s = 0 are given by
The equations in (4.16) are then equivalent to
Inverse construction
Now we wish to invert the construction described so far. Assume we are given a threedimensional smooth manifold Q 3 , and let g U U , g U V , g V V be three s-dependent functions on Q 3 such that g U U > 0 and g U U g V V − g 2 U V > 0. We define the latter quantity as
. Let f > 4 be a real function and α 0 , α 1 , α 2 be a basis of s-dependent one-forms satisfying (4.16). Our first goal is to construct a principal T 2 -bundle over Q 3 . Let
1)
and find the conditions for which they are closed and with integral period, namely
We apply Proposition 2.3, [11] , for this last part. If
we get
Similarly dΘ 2 = 0 yields
Under the conditions (5.3) and (5.4) one can apply the same process as in Paragraph 2.1, [11] : we construct a principal T 2 -bundle E 5 → Q 3 with s-dependent connection one-forms ϑ 1 and ϑ 2 such that dϑ k = Θ k , k = 1, 2. The space E 5 must be thought of as the level set ν
−1
M (s) of the previous section. So as s varies we have a five-dimensional foliation of a six-dimensional manifold M = E × (c, d), for some real numbers c < d. To construct a nearly Kähler structure on M starting from E 5 , we flow the ϑ k 's and the α i 's along the normal vector field to E 5 , given by ∂/∂s = 9(h 2 − s 2 ) −1 ds ♯ .
In order to establish which equations must be satisfied, we first define σ, ψ ± as in (4.2)-(4.4), then impose the nearly Kähler conditions as we have done above, getting (4.5)-(4.10). Notice that on M , the differential d can be split as the sum of the differential on E 5 and the one in the remaining direction: we write d 6 = d 5 + d s , where d 5 is the differential on E 5 and d s γ = γ ′ ∧ ds, the prime denoting the derivative with respect to s of the form γ. We use this on (4.5)-(4.10) and then contract with ∂/∂s. The equations found will tell us how our forms evolve in the direction defined by ∂/∂s.
We have seen that dσ = 3ψ + implies (4.6) in particular. We rewrite this equation as
By assumption, on E 5 we have
so we can simplify our equation getting
Contracting with ∂/∂s, we obtain
Similarly, from (4.5) we have
(5.6) From (4.7) and (4.8) we get
and by (4.8) itself we find
The remaining equations yield
(5.10)
If we set α ′ 1 = i a 1i α i , α ′ 2 = j a 2j α j , and
we can find equations giving a 10 , a 11 , a 12 , a 20 , a 21 ,
Denote by X i the dual of α i . Using (5.5) and (5.6) in (5.7), (5.9) and (5.10), we get
From these equations, comparing the coefficients of α 0 ∧ α 1 , α 0 ∧ α 2 and α 1 ∧ α 2 , we find
(5.14)
Further, differentiating (4.5), (4.6), and repeating the same process, we get
These results imply that α 0 , α 1 , α 2 , g U U , g U V , g V V can be found from a system of first order ordinary differential equations, so by Cauchy theorem we find a unique local solution on E 5 × (s 0 − ε, s 0 + ε), for some ε > 0, where s 0 = 0 is an initial data. Observe that the value of s 0 is specified by f and h through the equation f = 4h 2 /(h 2 − s 2 0 ). Finally, (5.5) and (5.6), together with the expressions of α ′ 1 and α ′ 2 found, give differential equations for ϑ 1 , ϑ 2 , to which we can apply the same theorem. Thus we have the final result:
Theorem 5.1. Let Q 3 be a smooth 3-manifold, f > 4 a smooth real function on Q 3 , and {α i } i=0,1,2 a basis of one-forms on Q 3 satisfying (4.16). Suppose there exists a smooth positive definite G =
on Q 3 such that (5.3) and (5.4) are fulfilled, and that s = s 0 = (1 − 4/f ) 1/2 h is constant. Put h 2 = det G, and define Θ 1 , Θ 2 by (5.1) and (5.2) for s = s 0 .
Then, if Θ k 's have integral periods, there exist a T 2 -bundle E 5 → Q 3 with connection one-form (ϑ 1 , ϑ 2 ), such that dϑ k = Θ k , and an ε > 0 such that E 5 × (s 0 − ε, s 0 + ε) has a unique nearly Kähler structure of the form (4.2)-(4.4).
Proof. Let ′ denote differentiation with respect to s and assume the functions a ij 's are those listed in (5.11)-(5.16). Then our forms satisfy the equations
For the initial data s = s 0 = (1 − 4/f ) 1/2 h they have a unique solution, which corresponds to a nearly Kähler structure on E 5 × (s 0 − ε, s 0 + ε), for some ε > 0.
Invariant structures on the Heisenberg group
In this section we are going to study the construction described above in the particular case where Q 3 is the three-dimensional Heisenberg group H 3 . Making specific choices of the forms involved and assuming (4.11)-(4.13), we write the equations in Theorem 5.1 and solve them getting explicit solutions. Finally, Proposition 6.2 proves our solution is general. Let us consider the Heisenberg group H 3 , i.e. the unipotent Lie group given by the upper triangular real matrices of the form 
They satisfy the commutation relations
Define α k := f k (s)σ k , and set g U U (s) = g V V (s) =: h(s), and g U V (s 0 ) = 0 for some initial data s 0 = 0. With this choice, equations (5.3) and (5.4) are automatically fulfilled. Then, according to Theorem 5.1, there exists a T 2 -bundle E 5 → H 3 with connection one-forms ϑ 1 , ϑ 2 satisfying
Equations d 3 α k = 0, k = 1, 2, imply that all the coefficients b ij , c ij vanish. Furthermore, we have an algebraic relation among the f k 's given by f 0 /f 1 f 2 = 4h 2 /(h 2 − s 2 ). Then we can compute: a 10 = a 20 = a 12 = a 21 = 0, a 11 = a 22 = 8s/3(h 2 − s 2 ), and
So the following differential equations for α 0 , α 1 , α 2 , ϑ 1 , ϑ 2 hold:
Since h = g U U > 0, we obtain the expression h(s) = |s 0 h(s 0 )|/|s| =: C/s, and the following differential equations for f 0 , f 1 , f 2 :
Hence one can solve them getting
In this case, having the expressions of h, f 0 , f 1 , f 2 , we can write equations (4.1)-(4.4) explicitly: for 0 = s 2 < |C| we obtain
2) Remark 6.1. By the expression of the metric g in (6.1) we can observe that the fiber blows up when s → 0, whereas the remaining four-dimensional subspace collapses to a point. If s 2 → |C|, the fiber stabilises, a two-dimensional subspace of the base space collapses to a point, and the rest blows up.
The following proposition states this is indeed a general solution.
Proposition 6.2. The nearly Kähler structure in (6.1)-(6.4) gives a general left-invariant structure for the case of the Heisenberg group H 3 .
Proof. As seen in Remark 4.3, the geometry of Q 3 can be described by three one-forms β 0 , β 1 , β 2 satisfying
Denote by τ 0 , τ 1 , τ 2 a dual basis of the Lie algebra of H 3 satisfying dτ 0 = τ 1 ∧ τ 2 and dτ 1 = dτ 2 = 0. In our particular case we can observe that dβ 0 ∈ Span{τ 1 ∧ τ 2 }, so β 1 ∧ β 2 = c 1 τ 1 ∧ τ 2 for some real number c 1 = 0. This happens only when β 1 , β 2 ∈ Span{τ 1 , τ 2 }, so dβ 1 = dβ 2 = 0, and then dβ 1 ∧ β 0 = dβ 2 ∧ β 0 = 0, as we wanted. Therefore β 0 = c 1 f τ 0 + aτ 1 + bτ 2 for some real numbers a, b. Now define σ 0 := f β 0 , and choose σ 1 , σ 2 ∈ Span{τ 1 , τ 2 } so that σ 1 isg-orthogonal to σ 2 , σ 1 g = σ 2 g , σ 1 ∧ σ 2 = β 1 ∧ β 2 , and σ 1 ∧ σ 2 = c 2 τ 1 ∧ τ 2 , for some positive constant c 2 . Defineβ 0 := β 0 ,β 1 := σ 1 , andβ 2 := σ 2 . This new dual frame satisfies dβ 0 = 1 fβ 1 ∧β 2 , dβ 1 = dβ 2 = 0,g = h Id,
